The viscous dynamic permeability of some fractal-like channels is studied. For our particular class of geometries, the ratio of the pore surface area-to-volume tends to ∞ (but has a finite cutoff), and the universal scaling of the dynamic permeability, k(ω), needs modification. We performed accurate numerical computations of k(ω) for channels characterized by deterministic fractal wall surfaces, for a broad range 
I. INTRODUCTION
The dynamic interaction between a flowing fluid and the solid constituents of a porous medium is a key issue controlling wave propagation in geological [1] [2] [3] , biological 4, 5 , and engineered systems 6, 7 . The general theory of wave propagation in porous media was developed in references [8] [9] [10] [11] [12] . In these theoretical developments, it is invariably assumed that it is always possible to identify two separate spatial scales, denoted by x (the macroscopic, "slow" scale),
and by y (the microscopic, "fast" scale). When the characteristic length scale of the pores, L y , is significantly smaller than the characteristic length of a macroscopic sample of the porous medium, L x , i.e., = L y /L x 1, it is possible to uncouple elastic motion of solid matrix from oscillations of pore fluid 13 , and viscous from thermal dissipation 14 . In this work,
we consider an isothermal system and assume that the driving force is a small-amplitude harmonic macroscopic pressure gradient ∇ p oscillating at a frequency ω. The operator · represents a spatial average of microscopic quantities over the fluid part of a porous medium with porosity, φ. Assuming small-amplitude flow perturbations, it is possible to write all the quantities of interest in the form f (r, t) =f (r, ω) exp(iωt). Under such assumptions, a linear relationship exists between v and ∇ p , the coefficient of proportionality being a complex-valued function k(ω), called the viscous dynamic permeability.
Despite the great variability of the pore microgeometries considered in the literature 15-18 , it is generally found, both experimentally and numerically, that the normalized dynamic permeabilityk(ω) matches reasonably well a scaling function 19, 20 which depends on a characteristic frequency ω c and a similarity parameter, M . Remarkably, M is usually found to be almost configuration independent and close to unity, as long as the pore surface is locally smooth 19, 21, 22 . Experimental observations, however, indicate that pore roughness may exhibit self-similar characteristics over a wide range of length scales. Experimental studies based on different experimental techniques [23] [24] [25] (e.g., scanning electron microscopy, small-angle neutron scattering, nitrogen adsorption isotherm) have demonstrated that, for instance, the pore space of sandstones and shales is approximately fractal over length scales ranging from 10Å to 100 µm, with corresponding fractal dimensions varying between 2.57 and 2.87. Other experimental studies 26, 27 have proven that fractured-rock wall surfaces also display fractal and multifractal properties over a range of scales between 0.1 µm to 1 cm.
Numerical investigations of the effects of fractal walls on the dynamic permeability have 2 been the subject of previous works [28] [29] [30] . In this study, we explore the effects of such selfsimilar rough surfaces on the scaling of the dynamic permeability. Other studies have considered the problem of the static (frequency independent) flow in fractal trees 31, 32 .
We present accurate numerical simulations of longitudinal frequency-dependent Stokes' flow in channels with fractal pore-surface structure, similar to the ones considered by Pozrikidis 30 . The effect of self-similar sharp edges on the flow streamlines (transverse flow)
will be considered separately elsewhere, as the corrections to the universal scaling associated with this type of singularity 21, 22 add-up in a non-trivial way to the effects which are the main object of study here.
In Section II we develop the theoretical basis of our analysis, which is followed, in Section III by a review of some basic concepts of fractal geometry. Section IV illustrates the numerical methods and the dynamic-response solutions for a broad range of fractal dimension, whereas Section V presents the modified scaling function that are used to model the numerical solutions. Finally, conclusions and open problems are summarized in Section VIII.
II. THEORY

A. Homogenization of the flow equations
The linearized fluid motion is fully characterized at the microscopic level by small perturbations to state of rest of the fluid velocityv(r, ω), and fluid pressurep(r, ω). Expressing the pressure in units of L x η 2 /ρL 3 y , and the frequency ω in units of ν/L 2 y , the governing flow equations are the (nondimensional) frequency-dependent Stokes' equations 13, 14, 16 :
where A fs is the fluid-solid surface.
Homogenization of these flow equations requires expressingv andp, and the differential 3 operator ∇ as a function of the slow scale x and the fast scale y (see Sanchez-Palencia 33 ),
Collecting the terms with the same power in leads to a hierarchy of equations:
Equation (3a) indicates thatp 0 is a macroscopic variable, whereas equation (3b) shows that the fluid is incompressible at the microscopic scale. Since the fieldsp 1 (x, y), andv 0 (x, y), are the solutions of linear systems, they can be formally expressed by means of linear operators acting on the macroscopic source term −∇ xp0 :
The linear operators P ω (x, y), V ω (x, y) are vector and second rank tensor operators respectively. Substitution of equations (4) into (3) yields the following set of partial differential equations:
where I is a second rank identity tensor.
B. Macroscopic flow equations
Averaging of (4b) over the (fast) y-scale, leads to the macroscopic equation
where
which is an extension of the classical Darcy law in the frequency domain. Written in dimensional form, (6) reads
The low frequency limit of the real part of the dynamic permeability,
is the static Darcy permeability which can be calculated as,
y , where V 0 is the solution of (5) for a frequency ω = 0. To study the high frequency limit of (8), it is convenient to rewrite it in terms of Newton's law, by introducing a dynamic tortuosity, α (ω), as follows:
This formula results from Brown's work 34 , showing the connection between electrical and inertial properties.
The limit of α (ω) for ω → +∞, is called the tortuosity of the porous medium, α ∞ , and
The velocity field V ∞ is the high-frequency limiting solution of (5) and can be expressed as the gradient of a harmonic potential field ψ, i.e., V ∞ = ∇ψ and ∇ 2 ψ = 0 with homogeneous Neumann boundary conditions at the fluid-solid interface.
As a first order approximation, the macroscopic law describing the fluid flow in the high frequency regime can be expressed via Newton's law of motion:
The low frequency limit of the real part of α(ω), α 0 = lim From (8) and (9), we derive the relation between the dynamic parameters k(ω) and α(ω) , is the characteristic frequency for the transition between the viscous and the inertia dominated regimes. For smooth pore-wall surfaces, the asymptotic high-frequency behavior for α (ω) is
is the viscous boundary layer thickness, which can take on arbitrarily small values as frequency increases. The Λ parameter is a characteristic viscous length scale defined as a velocity-weighted pore volume (V f )-to-pore surface (A fs ) ratio:
and is therefore a purely geometrical parameter. The boundary layer thickness, δ(ω), in (13) identifies a boundary layer region where, as a consequence of the no-slip boundary condition, energy is dissipated by viscous forces, whereas in the complementary region, the fluid flow becomes inviscid (inertial response only).
The high-frequency asymptotic behavior of k(ω) is given by
is a nondimensional scaling parameter of order one 19, 22 . The M parameter enters also the higher-order terms of the low-frequency asymptotic behavior of α(ω)
Finally, we note that the drag force, f (ω), is proportional to the time derivative of the added
For smooth pore-walls, the dynamic permeability (and consequently the dynamic tortuosity, and the complex-valued drag force) exhibit a universal scaling behavior. The universal scaling can be modeled in terms of a function, F (ω), which is defined in such a way to satisfy both the low-and high-frequency theoretical limits, and to be exact in the limiting case of 2D slit flow. The expression for the dynamic permeability reads thus
and
The parameter z, scales like the inverse of the thickness of the boundary layer, z ∼ δ −1 :
we will use this fact to generalize the scaling functions to the case of fractures with fractal surfaces.
III. FRACTAL WALL SURFACES
Let us consider rock fractures delimited by two rough surface walls symmetric with respect to a horizontal plane, and analyze the effects that asperities (at many scales, down to some pre-microscopic cutoff) have on frequency-dependent flow. We assume that the fracture is periodic in the plane that contains the fracture aperture, and that there is no geometry variation in the direction perpendicular to this plane. Moreover, we assume that the flow direction is also directed perpendicularly to the fracture aperture plane. This flow configuration can then be studied there by means of a two-dimensional model in which the only pertinent component of the velocity vector is along the longitudinal direction x 3 , i.e., ω , which is the x 3 component of the closure problem vector
For such a geometry, α ∞ ≡ 1, i.e., there is no tortuosity along the flow streamlines. Furthermore, the expression for the characteristic viscous length Λ reduces to
Before analyzing the precise geometry of these surfaces, it may be useful to recall a few definitions from Euclidean and fractal geometry. The Euclidean measure of a d-sphere
. Rescaling a d-sphere by a factor λ, results in a measure proportional to λ d . The exponent of the scaling factor in the rescaled measure is called the dimension of the object. Fractal geometrical objects generalize these notions by allowing non-integer dimensions. This type of scaling is commonly observed in many natural phenomena. Natural fracture-wall surfaces, for instance, present asperities at different scales, and there is ample consensus in the rock mechanics literature that rock surfaces are characterized by non-integer dimensions over a broad range of spatial scales, typically from 10 −5 − 10 1 meters. Single fractures wall surfaces are fractal therefore in a stochastic sense.
In this work, we will consider only fracture-wall surfaces defined as the Cartesian product The measure of the Köch curve
a value that does not depend on the iteration n in the construction of the fractal curve.
Real world materials, however, do not of course exhibit such ideal autosimilar behavior at all scales of observation. Rather, they show upper and lower cutoff lengths at which the autosimilar property breaks off. Below the lower cutoff length, and above the upper cutoff length, the geometry of the object is Euclidean, i.e., measures scale with integer exponents.
Any approximation of such a real world object will entail a finite number n of iterations of the omothetical construction. The cutoff length scale, , equals the smallest of the geometric details of the fracture surface.
In channels with fractal pore-fluid surfaces A fs , the classical scaling in (20) does not hold anymore because Λ ≡ 2V f /A fs → 0, and consequently M → ∞. If the yardstick of our fractal analysis is represented by the thickness of the boundary layer, δ, we expect that the measure of the boundary layer itself will roughly follow the scaling of the fractal surface.
At low frequencies, the boundary layer will be sufficiently separated from the actual fractal surface and thus will be smooth, with a length roughly proportional to L 1 = 4/3 [m]. At very high frequencies, when δ , the finest detail of the surface for a given maximum number of iterations n, the measure of the boundary layer will scale again as an Euclidean geometrical object. For the classical Köch curve of dimension d = log 4/ log 3, the Euclidean length of the boundary layer at such high frequencies will be thus roughly proportional to Table III .
It becomes clear therefore that the scaling expression for the viscous boundary layer presented in (13) , and the associated scaling models presented in Section II B need to be modified. The numerical simulations of the dynamic permeability presented in the next Section will determine the analytical expression of the scaling models appropriate for fractal surface channels.
IV. NUMERICAL SIMULATIONS
In this Section, we present a series of numerical solutions of the closure problem (24) for a two-dimensional cross-section with fractal walls defined by Köch-like curves for a range of fractal dimension. Kostek et al. 29 and Pozrikidis 30 studied longitudinal and transverse oscillating flow for such geometries. The fractal-walls profiles in our study (see Figure 1) were generated by means of a simple L-system algorithm 40 . We allowed the fractal dimension d of the surface to vary in the range 1.16 < d < 1.49. We constructed two sets of geometries, for two different values of the maximum number of iterations in the fractal construction, n = 4
and n = 5. A periodic repetition of a unit cell of length 1 and width 1 is assumed along the transverse direction. We exploit the reflection symmetry of unit cell along the middle plane.
Equation (24) is solved numerically for different values of the nondimensional frequencyω by means of a finite element numerical scheme; a typical mesh is shown in Figure 2 . From the numerical solutions of (24), we calculate the dynamic permeability, k(ω), as a function of frequency, and the scaling functions coefficients, α 0 , α ∞ , and Λ.
In Figure 3 , we plot the evolution of the value of the Darcy (static) permeability, k 0 as a function of the porosity for a range of maximum iterations in the fractal geometry construction, n. It is observed that, in this range of porosity variation, the permeability follows closely a Kozeny-Carman relationship, k 0 /φ = c 1 1 180
The linear regression lines are shown in red, and the corresponding coefficients are listed in Table I . As the value of the permeability remains bounded, and the value of Λ → 0, it follows that the scaling parameter, M → ∞.
In Figure 4 , we present the evolution of the velocity field for different values of the frequency. At small frequencies, the phase of the velocity field, Θ(V (3) ω ), (right hand side panels) is negligibly small, but the shape of the boundary layer can be appreciated from the plot of the absolute value of the velocity itself. At intermediate frequencies, we see that the boundary layer follows closely the profile of the fluid-solid interface, and as such exhibits the same fractal dimension scaling. At much higher frequencies, the boundary layer is indistinguishable from the bounding surface itself, and the phase of the velocity field is equal to −π/2 throughout the fluid space, indicating an inertia-dominated flow regime. For these frequencies, the thickness of the boundary layer is much smaller than the smallest details of the pore-fluid surface, ; hence, the boundary layer thickness scales according to (13) . This result can be better appreciated in Figure 5 , which shows a contour plot of the boundary thickness as a function of the frequency. The precise position of the boundary layer is largely a matter of convention in the choice of the threshold. In this work, we define the boundary layer as the loci of the points for which Θ(V In Figure 6 we plot the evolution of the length and thickness of the boundary layer for the entire range of fractal dimensions, and for a number of iterations in the construction of the fractal n = 4 (top panels), and n = 5 (bottom panels). We observe that the length of the boundary layer, increases as the frequency increases. Moreover the rate of this increase is larger for larger values of the fractal dimension, d. The boundary layer length tends to stabilize to the Euclidean measure of the fracture surface, and this value increases with d.
This stabilization of the value of the length happens above some critical frequency threshold, the value of which decreases with increasing d. We also note that the critical frequencies for the stabilization of the boundary layer length increase with the value of n. This can be understood by keeping in mind that the yardstick for the evolution of this length is the boundary layer thickness, δ, represented in the left hand side panels of Figure 6 : so, the higher the frequency, the smaller the thickness of the boundary layer, and when this thickness becomes smaller than the smallest segment length in the fractal curve, the solid surface which is subject to the viscous flow dissipation becomes flat for all intents and purposes. The red lines in Figure 6 indicate the regions over which it was possible to define a power law scaling for the boundary layer length and thickness. The critical frequency,ω , and the corresponding exponents β L , and β δ , respectively, are reported in Table II We can now plot the numerical results of the dynamic response and the corresponding models. In Figure 9 , we plot the frequency dependence of the added mass phase, Θ(α(ω)/α ∞ −1). This representation enhances the differences between the numerical results and the scaling function. The blue curve in Figure 9 , represents the model in 20, for a value of Λ corresponding to the Euclidean length of the fractal curve, L n . Such scaling function does not represent a good model of the dynamic tortuosity for these geometries. We will discuss the model represented by red lines in the next Section.
V. SCALING MODELS FOR FRACTAL MEDIA
Johnson et al. 19 proposed that the characteristic viscous length for fractal media, Λ, scales as 2/Λ ∼ δ 2−de , where 1 < d e < d, is an exponent characterizing the dynamic process.
Furthermore, these authors 19 conjectured that for high frequencies, the added mass scales according to the expressionα
where M e , is a nondimensional effective scaling parameter. Our calculations show that, in the case of fractures with fractal pore walls, the added mass does not scale according to the power-law expression in (27) . In Figure 7 , we plot the real and imaginary parts of the added mass as a function of the nondimensional frequency (in double-logarithmic scale) for the range of fractal dimensions analyzed in this work. While the real part follows a power-law best for d < 1.3, the imaginary part does not follow the simple scaling in (27) for any value of the fractal dimension.
Pozrikidis 30 proposed that, in fractal media, the absolute value of the drag force, f (ω), scales as a function of the inverse boundary layer thickness, δ, i.e.,
where d is the gain in wall length with increasing refinement, and δ ∼ Instead, as it will be shown below, we find that the drag force scaling depends explicitly on the value of the fractal dimension d in a well-contrained range of frequencies.
We start from the observation that there must exist a range of frequencies,ω l <ω <ω u ,
13
for which the scaling of the boundary layer thickness does not follow the classical scaling (13) . Outside of this range of frequencies, the dynamic process develops as if the surface were smooth, hence with no exponent corrections. The plots in Figure 6 show the evolution of the length and thickness of the boundary layer as a function of frequency, for n = 4 and n = 5.
Therefore, we propose to modify the expression for the z nondimensional variable in (23) as
i.e., we impose the condition that the average value of the correction in the range of frequenciesω l <ω <ω u , to be dictated by the value of the fractal dimensions itself, d. The universal scaling parameter, M , is defined now as a function of the frequency, M (ω), as (29), (30), and (31), aimed at introducing explicitly the characteristic viscous length as a volume to surface-area ratio, have been tested. Even though these modified expressions reproduce the numerical data with an accuracy comparable to the best-fits reproduced in Figure 9 , they invariably require the introduction of an additional free-parameter in place of the fractal dimension exponent in (29) . In other words, the explicit appearance of the fractal dimension value has disappeared from these modified models.
We have opted, therefore, for a model that reproduces the data with the minimum number of parameters, in this case Equations (29), (30), and(31), which invokes only three free parameters. The resulting apparent paradox will perhaps be resolved through a careful first-principles analysis of the boundary-layer scaling near the fractal surface. The classical expression for the velocity of a fluid oscillating on a flat surface (Rayleigh problem) is
, with v 0 the reference velocity, and ζ a coordinate orthogonal to the oscillating flow direction. This expression is the solution to the diffusion equation
The profile of the oscillating velocity near a flat boundary is thus the solution to a classical diffusion problem, and is characterized by an exponential decay of the velocity amplitude, i.e., by a distribution with finite mean and variance.
The fractal surface, however, introduces anomalies in the diffusion process which cannot be described any longer by Gaussian distributions of the microscopic quantities 41 , but rather by Levy-type distributions, distributions characterized by infinite mean and variance.
We speculate that the lack of a characteristic length scale into the fractal surface may be the equivalent of the lack of a mean value and variance in Levy-type distributions. The introduction of Levy distribution in the description of diffusion processes often translates in the introduction of convolution operators in space and time 42 . As such, we expect that the classical expression for the characteristic viscous length in (14) , Λ, motivated by the solution of a potential flow (diffusion) problem, needs modification. A more detailed study of the viscous boundary-layer around fractal surfaces will be the object of a future study.
VI. CONCLUSIONS
We have presented a numerical study on the effect of fractal wall surfaces on oscillatory fluid flow. Motivated by our interest in fluid flow in fractures, we have considered two dimensional longitudinal flows in channels whose side-wall geometries are bounded by deterministic fractal curves. For these geometries, the classical models valid for smooth wall surfaces break down. We proposed a modified scaling model for macroscopic quantities such as the dynamic permeability and tortuosity. These new models introduce explicitly the value of the fractal dimension of the surface as an independent parameter, and modify the classi- (1−φ) 2 + c 2 for the range of fractal dimensions, d, considered in this study. TABLE II . Exponents of the power law scalings for boundary layer length β L and thickness β δ , for n = 4 and n = 5. The value of log 10ω represents the limit over which a power law scaling could be estimated. These power law scalings are illustrated in red in Figure 6 . TABLE III. Summary of the macroscopic parameters for the various simulations for n = 4. Ernest Orlando Lawrence Berkeley National Laboratory is an equal opportunity employer.
